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Scientific Motivation

O The interaction of quarks and gluons is successfully described by Quantum Chromodynamics (QCD).

0 But unable to construct the quantitative description of hadrons in terms of the underlying constituents, quarks and
gluons.

O Pion is the lightest meson and provides an ideal testing ground

for our understanding of the bound qq hadronic system. o

nuclear force

1. Lightest
meson

O Pions mediate the residual strong force that helps bind "\
nucleons inside the nucleus.

Pion (%)
ud

O Form factor (F(Q?)) is an important observable that can be
studied to understand the internal structure of hadrons by
describing the transverse spatial position of partons within
hadrons.

3. Probe of
hadron structure
Fr(Q%)
1.0

O Measuring the pion form factor at various Q? (up to 8.5GeV/?)
checks the validity of QCD-based theories, including the
transition region between perturbative and non-perturbative

approaches. Unlver81ty

Q*(GeV?)
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Pion Form Factor Measurement

O Above Q% > 0.3GeV?, F, is measured indirectly using the “pion cloud” of the . Scattered
i 1 1 El
proton via pion electroproduction p(e, e'n* )n . E'e°;f°" A e
O Indirect measurement — Form factor extraction requires a model.
Scattered
/ Proton\ Plon
U Need to extract o; from the total cross-section. Neautron

O As an |IIustrat|on of how o, connects to F2(Q?,t), we consider a simple Born Term . )
F (@9

dO'L —th 2
ar > m%)gnNN(t)F =(Q%, 1) 2

O In reality, we use Regge base model such as VGL, CKY and PKT Models for [ -

F2(Q?,t) extraction. ’ y

UIllVGI‘Slty
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Rosenbluth Separation Technique

= Rosenbluth separation required to isolate o; for L/T separation.

Reaction Plane

Scattering Plane /

» The physical cross-section for the electroproduction process is given by;

d’o do,

= +dGT+\/2 ey ad + el
Tdtdgp = Sdt " dt elet—gpcospte

orr
cos 2
dt ¢

“_n

« Here “¢” is polarization of virtual photon.

-1
(E, — E.)? + Q2 0,
1+2— .tan?—=
Q 2 0175 ‘f
« Perform two scattering measurements with different beam energies 1%; HE ! A1 1
“E,” to vary “¢” and separate different cross-section terms. Jow l--i-{\,‘} +q£?j 7 i
B s h'"“‘iu-_f___ St
s f ¥
E{}.GEG
« Careful attention must be paid to systematic studies such as g |- oo o om
spectrometer acceptance, kinematics, efficiencies, etc. B o 2 0102 20013
high £ g = 0.030 = 0.028
(] 50 100 1;:“ ‘d;ﬂ;} 25-{} 300 35-{}

UIllVGI‘Slty
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Pion-LT Experiment at JLab

» Located at Newport News, Virginia, USA.

» 2 Superconducting LINACs configured as “Racetrack”.

= Continuous Electron Beam Accelerator Facility (CEBAF).

= Capable of 12GelVV beam up to 200uA.

» Four experimental halls, all running unique experiments
and capable of running simultaneously.

Unlver81ty
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Pion-LT Experiment at JLab

North Linac /
Injector )
/ South Linac

factors for mesons.
» Hall C has a target and two detector arms.
= Target can be Liquid H,, Liquid D,or solid targets.
= Two detectors are;
* High Momentum Spectrometer (HMS)

e Super High Momentum Spectrometer (SHMS -
per o P O R i oot
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Hall C Spectrometers

O Both spectrometers are movable and
have sets of quadrupole (Q), dipole (D)
superconducting magnets and a Detector
Hut.

"Target)Ci'\qb‘e\r'

i :‘,.1 ‘-‘i\\\ \

O Both spectrometers are rotatable and
contain similar detector packages.

Momentum
Spec Angle range (deg) A,
HMS 10.5-90 0.5-7 GeV
SHMS 5.5-40 0.5-11 GeV

O Took coincidence data; simultaneously
detected electrons in HMS and pions in
the SHMS

- =

University
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Hall C Spectrometers

O Both spectrometers are movable and
have sets of quadrupole (Q), dipole (D)
superconducting magnets and a Detector
Hut.

O Both spectrometers are rotatable and
contain similar detector packages.

Momentum

Spec Angle range (deg) A,
HMS 10.5-90 0.5-7 GeV
SHMS 5.5-40 0.5-11 GeV

O Took coincidence data; simultaneously
detected electrons in HMS and pions in
the SHMS
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Selection of Event Sample

O Selected electrons in HMS in coincidence with ¢ F ple e, m)n .
- - S 09F e Missing Mass Cut
pions in the SHMS. 2 - /
0.8E- 0.90 < MMpi < 1.06
U Missing particle reconstruction (neutron). é
0.7
— \/(Ee +mp — Eg _En+)2 — (Pe —Pe’ — pn"‘)z 06 3
0.5
O Blue represents the experimental data missing 04F-
mass plot. E
0.3
0 Red represents the Monte Carlo missing mass 0 25_
plot. E
0.1 p(e e, k)A
a Tq eI!mlnate the remaining I_oackground, a - .(! EE : | Eii: v e
missing-mass cut was applied to both the B8 0.9 1 1.1 1.2 1.3 MN}A
Monte Carlo and experimental data. Q2= 3.85 GeV?, W = 2.62 GeV (2-epsilons) o

Unlversmy

June 23, 2026 Muhammad Junaid, CAP Congress 2026



Je son Lab

omas Jefferson National Accelerator Facility

Cross-section Measurements

 The goal is to calculate the experimental cross-sections using the ratio method.

dZO' _ (YEXP> dZO'

dtdeo . p Ysime ) dtd ¢pp,c

O The same cuts and kinematic selection criteria were applied to both the data and the Monte Carlo.
O This technique is model-dependent.

0 Requires the Monte Carlo empirical model to reproduce data.

O Only reliable if Monte Carlo reproduces the data well in both shape and normalization.

University
June 23, 2026 Muhammad Junaid, CAP Congress 2026 10



Je son Lab

omas Jefferson National Accelerator Facility

Cross-section Measurements

 The goal is to calculate the experimental cross-sections using the ratio method.

dZO' _ (YEXP> d“o
dtdeo . p Ysime ) dtd ¢pp,c

O The same cuts and kinematic selection criteria were applied to both the data and the Monte Carlo.
O This technique is model-dependent.
0 Requires the Monte Carlo empirical model to reproduce data.
O Only reliable if Monte Carlo reproduces the data well in both shape and normalization.
O Fit the Rosenbluth equation to extract the cross-section components.
do _ dO'L do or dO-LT dO-TT
zndtdgo 7 + I ++/2e(e+ 1) 7 cosQ + ¢ T Cos2 ¢

O Need to iteratively tune L/T/LT/TT empirical model until Monte Carlo reproduces experimental data.

University Go far. 72 Z

of
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L/T Separation Iteration Procedure

: Improve ¢ coverage by taking data at For each © HMS setting, form ratio:
Diamond cut multiple T (SHMS) angles, -2°<0,,, <2°.

[ High €
aL Ml Low e
r n —cut

R = YEXP

YSIMC
Combine ratios for & settings together,
propagating errors accordingly.

Ratios
6.0 0, =+2 t=0.16 H l ’ ‘ ]
Q2—3q85G 2 ! i ]r TM]Y ] I i H I,MTLTLH
eV?, W =262 GeV (2 epsilons) i lHI T HM} ST ‘ JH 1%“
N, i
o g xtract via ) )
%“ilﬁ}ii?iijg}ﬂ simultaneous fit - _d ° _ Vw | d°0
%::: o of L TLT,TT dtd gy \ Yspye ) d1AP g1
® o) e v oo do, do do do
ooo] § hone ow = 0102 £0.013 o do _ 80 0r +2e(e+1)=LL cos g+ & — 1L cos?2
0 : 50 100 150 200 n;s'c- . 3-:':-{:-_ : 350 dtd¢ dt dt dt ¢ dt ¢
phi (deg)

University Go far. 72 %
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Importance of Diamond Region

Dlamond CUt takina data at Eor aach o HINS catting form ratio:
) n
owe | (3" = 3 > Elect tromet
. MLow [ - High e <10 ectron spectrometer
L B Low : acceptance is larger for high €.
- — cut )
i | » Selected an overlapped phase-
2.8 i
I iy space region.
28 > Divided data into 7 t-bins based
i on data statistics.
2.4
] ' 10° . .
,..}i 2 i » Purpose is to ensure consistency
g o) 1 " 2.2 across different kinematic
Somdod fy i settings and measure the t-
GO'OTE- T -I L1 1l I L1 1 1 I L1 11 I L1 1 1 I L1 1 1 I L1 1 1 I L1 1 1
S ool 2 25 3 385 4 45 5 55 dependence
D pas] Tl Q2= 3.85 GeV2, W = 2.62 GeV (2 epsilons)
§F lowe = =
00001 § high e omr = 0.030 * 0.028 74515 =Z FZEEFT) ”’117575+5 —COSZ2(
[ 50 100 150 200 mj;s'c- 300 350 dtd¢ dt d dt
Result from Fpi-2 phi (deg) Unlver81ty
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Full p-Coverage

Niamand cut Improve ¢ coverage by taking data at = e LINAC it £ .
angles, -2°<e1Tq <2°,

To get full-¢ coverage, data is taken on two
degrees on the right and left of the central
angle by rotating the pion arm.

Red corresponds to the right angle pion arm
setting

Green corresponds to the central angle pion
2.6R, t = 0.21 (2 epsilons) arm setting

» Blue corresponds to the left angle pion arm
setting

- » Divided data into 15 ¢-bins to measure the ¢
‘ dependence.

2
Q2= 3.85 GeV?, W = 2.62 GeV (2 epsilons)

T owe o= 0.102 £0.013 dO'
00000 §  high g o = 0.030 £ 0.028 2r = ! VA Uy TOSyTC ket
o 50 100 1%-:-. 200 250 300 350 dtd¢ dt dt dt dt
Result from Fpi-2 phi (deg) Unlver81ty
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Low and High Epsilon Data/MC Ratios

z3 t: [0.21 - 0.23) t: [0.21 - 0.23] R _ YEXP
14 T 144 _ YSIMC
[ | T Combine ratios for m settings together,
L1t s propagating errors accordingly.
o } . \ Ratios _
2 2 | - 5 17 1021 - 023] 6.21- 0.23]
ﬁl-ﬂ-———ﬂ— i —1—- ——}“——— Y - T-T&FT El-u-- —=F-+-——-pF-L-1--p-4--z--F--1--}- ] )
| 2 | o
E‘ » E‘ . .

]l HTYTM]Y IR ] I,MT*TLH
|| e | I IWH Jl ‘ ] Hu
Low €=0.292 High_€=0.779

i} EIO llIZIIﬂ lélﬂ 21]1] 250 301] 350 y ' : T 2 2
¢ (deq) SR 20 . Vsa(z ma.l 15)0 meg:m 2% ;0 350 d o _ YEXP d o
= 9. eve, = 4. e epsiions
dtde vy \ Yoe ) A1AO 1
Ratios are consistent 7 . J
L O-T O-LT O-TT
o T N =z + +,/28i8+1i—cos¢+5—0032¢
0 50 100 150 200 Un;sc- s DBI:&-::- DDEJEEJ dtd¢ dt dt dt dt
Pht (deo) UIllVGI‘Slty
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t central = 0.217 t central = 0.280
a 0.175 -
JC High-£=0.779
. Low-£=0.292 oo
In [T~ =T
m 0.125 - R ) -~ 5 e T \i J p .- “l -—d_
0.08 LY ,J

=]
=]
e |
w
f
#
i
i
!
I
'i'l
1
1 \

o
]
o
o
£
i

d2o/dt d¢ (ub/GeV?)
=]
S
!
]
|
A
i
H—I—Q-:—I
5 :
) N
- \ L}
m'l
d2o/dtd¢ (ub/GeV?)
o c
&
‘_l'
g
A
——
{
‘.*
.—i‘n:u—n
. A Y

0.025 4 0.0z ||
--= Fit{low z) o, = 0.336 + 0.054 === Fit (low €) o, = 0.106 + 0.031
--— Fit (high &) or= 0.411 + 0.027 --~ Fit (high £) or = 0.405 + 0.016
oooo{ ¥ lowe o7 =0.114 = 0.017 pood f lowe o, = 0.068 + 0.009
¥ highe orr = 0.006 = 0.037 i highe orr = -0.056 + 0.021 }
) 50 100 150 200 250 300 150 0 50 100 150 200 250 300 150 | %
phi (deg) phi (deg)
01751 } i o, _drops as we go to higher t Q2= 3.85 GeV2, W = 2.62 GeV (2 epsilons)
- 0150 { T [
E 0.125 { A L"J ?/'* : .
'EG.I{:-D---{-—--{ \‘HL"' AN _.*"J . i E_XtraCt Vla . dza YEXP d20
E oz, T LT T]| simultaneous fit - 22
;; b of L,TLT,TT dtdo .o \ Yoo ) dtde o0
© ) b g = 0.489 + 0.042
0257 - Fit (high o) or = 0397 + 0.020 do, do do do
vyt I, ar - 0.102 +0.013 2740 _ 90L, 90, J2e(e+1) =L cosg+ & — L cos2
/-:- 50 100 150 200 250 300 350 dtd¢ dt dt dt dt
phi (deg)
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Results from Moderate-Q2 Pion-LT Experiment

= The VGL model struggles to describe the t-dependence of o, well,
and dramatically underestimates T/L ratio.

= The CKY model also struggles to describe the t-dependence of o,
well, but has a better T/L ratio.

= Comparison with PKT Model is in progress.

0.6 :

X Amendolia m+e elasties
e Ackermann p(ee’m*)n

A Brauel et al. (Reanalyzed)
0.5 m JLab Fr-1
O JLab Fn—2

0.4

= 03-
la

0.2

0.1+

0.0 I |

monopole

© 28apr02 VGL t'=0
X 26apr02 CKY t'=0 -

0.0 2.5

T
5.0

Q* (GeVv?)

Model is evaluated at precise kinematics of data. Discontinuities indicate change in (Q2,W) for each t-bin.

June 23, 2026

Muhammad Junaid, CAP Congress 2026

Q2=3.85 GeV? W=262 GeV
| | | | | |
aL a'l
6 } - 6 - =
— CKY
VGL i {i §
49 - 4 - . -
o | Al i
0 AN \\ :
g 2 - .\\ - 2 ~o . n
o) ~ |
2 } { T _
0 i } ¥ S I
- T | T . T I I
o 1 2 3 4 5 1 2 3 4 5
~.
b 0.2 0.2
e 5 Ot O
0.1 i—. ey e [0 +
00] FAFTm T a—d g0 mi_%q_
i
-0.1 L —0.1-
]
-0.2 . 0.2 :
A 2 3 4 5 1 2 3 4 5
—t (GeVz)
UIllVGI‘Sl
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Summary and Future Plans

0 E12-19-006 (12 GeV Flagship Experiment) is expected to

provide the definitive p(e, e’t")n L/T-separation data set 0.6 | | !
. . . . Amendolia +e elaslics
and will remain important for decades to come. o ke Bl
0.5 g Jiab Fr-1 ’ [
. . . . O JLab Fr—-2
A Preliminary L/T separation is completed for Q?=3.85 GeV?, D S
i i 0.4 g R § . %E =
W=2.62 GeV physics setting. ' ¢ T el
k < RRRE R .
= 03+ =<l _
O Systematic uncertainty studies still need to be done. < JLab E12-19-006 (Beamtime Seheduled) ~ ]
0.2 & JLab E12-09-011 (Data under analysis) -
0 Detailed comparison with existing VGL, CKY, and PKT 01 T e b |
theoretical models. g " Bakulev Hard 4D Nostarenko & Radyushkin QSR
O 0 - Roberts et al Dyson—Schwinger
RY I
O Results will help to understand the dependence of the 0.0 2-5 o (Gg;,g) 70

Form factor and in validating theoretical models.
Projected Results

Un1versn:y
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Scientific Motivation

0 Understanding the origin of the masses of protons and neutrons, as > 99% of
the visible mass of the universe resides in atomic nuclei.

O Proton consists of two up-quarks (u) and one down-quark (d). @ @ @ @
m, ~ 938 MeV/c? @
m, = 2 MeV/c?and my = 4 MeV/c? Barvon Veson
Total mass = (2 x 2 + 4) MeV/c2= 938 MeV/c2 ? (proton, p) (pion, )

O The Higgs mechanism, through which fundamental particles acquire mass, can
explain only a small fraction of the nucleon mass.

O The majority of the mass comes from the strong interactions that bind the
quarks and gluons together.

0 We do not adequately understand the mass generation mechanisms of the
strong interaction.

m,,,~ 8 MeV/c?

O To address the emergence of hadronic mass, one can examine internal
structure of the lightest mesons i.e pions, kaons. m, ~ 938 MeV/c*
 Form factor can be studied to understand the internal structure of hadrons. Universt
v Gofar@eﬂu
oRegina

June 23, 2026 Muhammad Junaid, CAP Congress 2026



What is Form Factor?

O Form Factor (F(Qz)) describes the transverse spatial position of partons
within hadrons.

d F(QZ) is the Fourier transform of the particle’s spatial charge density (p(r)).

F(@) - [preerae

O Atlow Q?, the form factor directly relates to particle’s charge radius (r?).

2 dF(Q*)
(1‘ > = —6 dQ?

Q*=0

Je

omas Jefferson National Accelerator Facility

son Lab

Spatial Charrge

Density p(r)
Fourier
Transform
—_—)
T

Particle
radius

A

Form Factor

Q*

Q At high Q?, form factor follows predictions from perturbative QCD and helps to understand nature of the quark-gluon

coupling constant renormalization.

Q*F,(Q?*) - 16ma,(Q*)f= (Q* - )

O Measuring the pion form factor at various Q2 checks the validity of QCD-based theories, including the transition between

region between perturbative and non-perturbative approaches.

June 23, 2026 Muhammad Junaid, CAP Congress 2026
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Pion Form Factor

Mesons give an ideal testing ground for our understanding of bound quark-antiquark system.
Form Factor describes transverse spatial position of partons within hadrons.

a
a

0 The Form Factor of a particle is defined in Quantum Field Theory as an overlap integral,
q’n.iniﬂa\ ¢1L.ﬂna\

() =[¢, (Pep+a)b

. HARD (pQCD)

. e - 5 o

O where ¢ is the wave function is an important variable to study as it allows for comparison with theory:

Experiment Comparison Charge Density
do ! 4 Theory Dirac/
- |F(g?)| © F(g?) « p(¥) « Y (#) « Schrodinger
dﬂ Equation

@ The meson wave function can be separated into ¢5°t with only low momentum contributions (k < k,) and a hard tail @221,

While @22t can be treated in pQCD, ¢3°™ cannot.

O From a theoretical standpoint, the study of the Q2—dependence of the form factor focuses on finding a description for the
hard and soft contributions of the meson wave-function.

Unlver81ty
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Scientific Motivation

0 QCD is an extremely successful theory, but it struggles to predict the internal
structure of hadrons.

O In QCD, there are two main domains of the strong interaction.
O Perturbative Quantum Chromodynamics (pQCD) corresponds to short-range quark-
gluon interaction part (asymtotic freedom)
O Non-Pertubrbative Quantum Chromodynamics (non-pQCD) corresponds to long- x ~ 0.3
range quark-gluon interaction part (confinement).

0 pQCD predicts the F_, at very high Q? (i.e Q* — o) and it is well understood.
4 In non-pQCD region, various theoretical models struggle to predicts F, at low
Q2 (.,e Q2 =1 — 10 GeV?).

U These QCD-based models disagree on how quickly the transition

between pQCD and non-pQCD should occur. 0.1 — raen v ca |-
0 Pion Form factor is an important observable that can be studied to 0.0 l e
iy ) 0 2 4 6 8 10

understand the transition region between pQCD and non-pQCD. @ (GeV?)

University
“Regina | & tyelier
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Dual Nature of QCD

" wimee Modified AdS
| — AdS

o, /T (pQCD)
_ [ ”—LH’“ world data
<= GDH limit X o/

-ré o/t OPAL

| A o /mJLab CLAS
N Uf?tHnIIAI[IAH
 ® La mm. Q( [){'”.']U-I-} v

//- :

(2007)

Long Distance (Low Energy) Interaction:

Quarks strongly bound within hadrons

Color Confinement

Quantitative QCD description of hadron properties
remains a puzzle

Unfortunately, this is the regime under which we live!

Short Distance (High Energy) Interaction:

June 23, 2026

! [0
Q(GeV)

Muhammad Junaid, CAP Congress 2026

Short range interaction is weak

Quarks insoide hadrons behave as though they are
nearly unbound

Can understand behaviour using perturbative QCD
(pQCD)

Asymtotic Freedom

Unlversmy
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F . sensitivity to Emergent Mass

O At emperically acessible energy scales, F; is sensitive to emergent mass
scale in QCD.

O Two dressed-quark mass functions distinguished by amount of DCSB

k%) | GeV

= DCSB emergent mass generation is 10% stronger in system
characterized by solid green curve, which is more realistic case.

\

d F,,(QZ) obtained with these mass functions.

Chen, et al., PRD 98(2018)091505(R); Aguilar et al, EPJA §5(2019)190

= r_= 0.66 fm with solid green curve S 04 =
= 7= 0.73 fm with solid dashed blue curve L S —
J Fn(QZ) predicts from QCD hard scattering formula, obtained with/%’o'? ..................
related, computed pion PDAs G e
[ QCD hard scattering formula, using conformal limit of pion’s twist-2 PDA /6 S T4 6 8 1‘6
¢ (x) = 6x(1 —x) Q? / GeV?

Unlver81ty
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Pion Form Factor Measurement

O Direct Measurement: - Sxattirad
» Elastic Scattering of electrons from pions gives - E'ei}m" A1 HlSEa
e+nt e +nt’
» Limitation: Pion (& i) targets not possible due to short lifetime (~2.6 x 10 — 8s)
« Even scattering high energy pion beam (1 TeV, if some facility could be constructed) can O/ proton\SCattgrlgg
access only Q?~1GeV?

Neutron

O Indirect Measurement:

« Above Q? > 0.3GeV?, F, is measured indirectly using the “pion cloud” of the proton via ¥ m
pion electroproduction p(e, e’ )n
F (@9

» Indirect measurement — Form factor extraction requires a model.

* As anillustration of how o; connects to F,ZT(QZ, t), we consider a simple Born Term Model,

do;,  —tQ° g ()
« t)F2(Q%t nNN
« In reality, we use Regge base model such as VGL, YCK and PKT Models for FZ(Q?,t) N N'
extraction.

University
“Regina  Gofan Tyelier
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Pion-LT Experiment

U The Pion-LT experiment was conducted over a wide kinematic
range at the Hall C facility, JLab.

O Green points represent the Pion Form Factor Study.
O Yellow points represent the Pion Scaling Study.

O Vertical black dashed lines shows W-scan at fixed Q2.

e =N

Q Points marked with an ‘x’ are instrumental in higher Q%, F
extraction
0 Q% = 8.5 GeV? is highest achievable extraction at JLab

O Red lines allow for 1/Q™ scaling study at fixed x = 0.31, 0.39, 0.55.

0 3 6 9 12
O Focusing on the physics settings highlighted in purple box. Q% (GeV?)

Unlver81ty
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PID Study

University
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Event Selection Criteria

= Purpose is to select the clean pion events sample in coincidence with the electrons to measure the cross-sections.
= Cuts must be tight, but not so close as to sacrifice efficiency across the acceptance.
= Overall, detector efficiencies are greater than ~98%.

— 3500 Number of Photoelectrons

— 2000
3000

— 1800
— 1600

— 1400

2500

2000 1200

1000

HMS Calorimeter Energy

1500
800

600
400
200

Heavy Gas Cerenkov

1000

500

1 1 I 1 1 1 IFI
0 S 10 15 20 25 30

Aerogel Cerenkov

HMS PID Q2 = 3.85, W = 2.62, t = 0.21 (2 epsilons) SHMS PID
’ ’ Unlver81ty

Photoelectrons in HMS Cerenkov
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Event Selection Criteria

0 CoinTime (CT) is given as: O RF time refers to the time difference between a
tcoin = tums — tsHMs detected event and the nearest preceding RF signal of
0 Used to eliminate random background caused by the electron linac.
random coincidences. O Enables the differentiation between pions, kaons, and
protons due to their distinct velocities.
® C1 with acpt+P1D cuts App"ed cuts
2 14000 T Fanims i et (apePD) g o0 i e —
- ®]
12000 = 1400
10000~ \ 1200
C Before cut
8000 j== 1000
6000 :— Random Coincidence Events 500
_ 600
4000_—
- 400
2000 f— IIIJ[
C 200
0 -_‘L‘L‘L‘I__I__I._L‘L‘I_MMLJ_H-I |I | I!Lll'luJ_ [ | R L]
50 40 -30 -20 10 0 10 20 30 40 50 0
e pi Coin_Time 0 0.5 1 3.5 4
SHMS_RFTime
Q2 =3.85,W=2.62,t=0.21 (2 epsilons niversi
( ) [ngféé?ﬁa Go far, 7—170[%&/
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Tracking Efficiency Study
O The purpose of this study is to determine the tracking

efficiency to account for the loss in the experimental —8.0% > &8 > 8.0% ~10.0% > & > 20.0%

normalized yields due to the bad track reconstruction by . .

the Hall C analyzer (HCANA) —0.08 = i +0.08 —0.08 = Xtar = +0.08
O The tracking efficiency can be expressed as; —0.045 = yiqr = +0.045 —0.04 = y;q, = +0.04

. Ndid,track
€track = HMS PID Cuts (Electrons)
should,track

HMS Gas Cerenkov (NPE) > 1.5
HMS Calorimeter (Energy) > 0.7

SHMS PID Cuts (Pions) SHMS PID Cuts (Protons)

*  Nshouwdtrack 1S the events where at least one track was
expected after cuts (Acceptance + HMS PID +SHMS PID)

*  Ngiarack 1S the events where at least one track formed by
tracking process after cuts (Nspou1d track + DC tracks > 0).

HGC Cerenkov (NPE) > 1.0 HGC Cerenkov (NPE) > 1.0

Aerogel (NPE) > 1.5 Aerogel (NPE) > 1.5

. . . y Calorimeter (E > 0.05 Calorimeter (E > 0.05
O The tracking efficiency error calculation can be expressed sloutlmeier ([ Eeliy) alorimeter (Energy)

as; * Jis the deviation of particle momentum from the spectrometer central momentum
* X and y;,, are the angle of the particle trajectory at the target.
(Nshould track X Ndid track) — (Ndid track X Ndid track) * NPE (Number of Photoelectrons) corresponds to the number qf photoelectrons
Setrack = d - ’ “ detected by a photomultiplier tube (PMT) when a charged particle passes through
( N ) a detector.
should,track

Un1versnty
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Tracking Efficiency Study

102 Tracking Efficiency plots from 102
physics data.

1.00

" hm‘..r,m cdeeod - Both electron and pion tracking
’ efficiencies are plotted against the

detector trigger rates to check the
rate dependence.

o
w0
[++]
o
o
[++]

o
w
[}

 Overall, the pion and electron
tracking are looking good.

HMS_Elec_SING_TRACK_EFF
g

o
o
=

SHMS Pion_SING TRACK_EFF
§

« The electron tracking is
consistently near 100% (= 99%).

« The pion tracking has a bit of rate
dependence and maintained

0.90 0.90

0 20 20 60 80 100 120 above ~ 97%. 0 100 200 300 400 500 600 700
HMS EL-REAL Trigger Rate [kHz] SHMS 3/4 Trigger Rate [kHz]
HMS Electron Tracking Efficiency SHMS Pion Tracking Efficiency

UIllVGI‘Slty
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HeeP Offset Study

SIMC (Red)
m——— DATA (Blue)

0 looked at distributions of the missing variables (EM,E),W) to find |£7

deviations from expected values based on kinematics. 60 MEAN - 9.43990 0125 5955005
50
d The E,, the components of P,, and W are correlated to different o 8
€F
O/-e

spectrometer quantities (momentum , angle, beam energy), and thus
offsets can be extrapolated from them.

30

0 By adjusting the beam energy, momentum and angles, missing variables
(EM,E), W) can be moved to better agree between data and SIMC.

70
= MC=270.58+/-0.51

J Red is SIMC and Blue is data.

Counts

€0 - Data = 256.68+/-1.14

0 Offsets are doing a good job and peaks are matching with each other. 50 ® Rallo= 0949470005
O Applied the determined HeeP offsets to the physics data for cross-section “ A
measurement. J r

June 23, 2026 Muhammad Junaid, CAP Congress 2026
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L/T-Separation Analysis
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Determination of t-binning

= Purpose of t-bining is to maintain both statistical consistency and physical reliability in the extraction of the separated cross-sections.
= t-range is determined by looking at tvsphi polar plot of Q?=3.85 GeV?, W=2.62 GeV (low-epsilon) physics setting.

= Divided “t” into 5 bins for Q2=3.85 GeV?, W=2.62 GeV (2-epsilon) physics setting.

* Tried to keep the number of events consistent between each bin (>2500).

= Red represents the low-epsilon experimental data.

= Blue represents the low-epsilon experimental data.

350 — Low = Data

Counts

-tvs ¢ - loweps

— High < Data

300

= O \ 10 25
\
A\
|

200

150
Ppaoge 1 4

100

50
10

=]

61 02 03 04 05 06 07 08 089 1

t-binning range 0.16 — 0.50
Unlver81ty

Q2 =3.85W=2.62,t=0.21 (2-epsilons)
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 Calculated normalized bin-by-bin data yield.

Y =
EXP
Qeff

where,

Qefr
= Charge X Tracking Eff X Detector Eff X EDTM Live Time

X Boiling Corr X other normalization factors ...

O Calculated normalized bin-by-bin MC yields.
O Calculated ratios (DATA/MC) for each t & phi-bin
setting-by-setting, separately.

Yexp

R(t.0) = Ysivc

1 Combined data from each pion arm angle setting
per e by calculating their error-weighted average.

June 23, 2026

Muhammad Junaid,

Charge

HMS & SHMS Tracking
Efficiencies

Live Time Correction
HMS Cerenkov Efficiency
HMS Calorimeter Efficiency
SHMS Aerogel Efficiency

HMS & SHMS Hodoscope
Efficiency

RF Efficiency
Boiling Correction Factor
Coin Blocking Correction

Pion Absorption Correction

CAP Congress 2026

Normalization Factors Comments

Calculated run-by-run
> 98%

>98%
>99%
>99%
>98%

>98%

>99%
Calculated run-by-run
Calculated run-by-run
~97%
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High & Low-epsilon Data/MC Ratios

Low_€=0.292

et IR (W T RN IO 111 P . 1R
R(t9) =y~ e HH] HI H H [ ]]w I l HH \[ H m MH
hilit

b
—
—
—_—
—
—a—t
——
—_—
—-
G
——
—
—
[
b
———
—
———
——i
— g
—
- EEE
]
=' R
—
— .
Ak
[E—
[——
i
—_—
——
—a i
—
——y
———
[——
—_—
]
e
b

Q2= 3.85 GeV?, W = 2.62 GeV (low-epsilons) § : ?Ngglsna Go far, Wﬂ
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Data/MC Comparison Plots

d Compared kinematic and spectrometer variables between data and MC to verify that the SIMC model reliably

reproduces the measured distributions.
Q2 Distribution

W Distribution t Distribution
21 ] TDATA i I 1 DATA i :EF 1 DATA
C SIMC b [
18 iiHi*i T - +'H_Jf +simc esfk f +sImMC
16F- ﬁ{: h 1.4F :F#’H' ~I~ﬁ -
C + C B
1.4 :— i %“ 1.2 — o 8 o N ?
o 12F %i {d i 433{” i [ i 1
5 1 £ T r 1 S T
S 1 + + 3 ok ++ 3 151
0.8f T T - ik + Cor I ¥
- s P+ 0.6 _:4{‘ :}: i &
0.6~ " e 5 {:I* "I" 1_— =2 :;:
- + + " i = - =
0.4 — :I: ;;] L = i e
» o C Ky F 0.5 +
0.2 s + 0.2 - * -t "Hy.
C = - - 3 & e 29
U 11 .I_l L1 1 | 11 1 | 11 1 | L1 1 | L 1 1 | L 11 | 1 s B +.:I!‘ | | | | | | B | | | |
5 32 34 36 38 4 42 44 c;':?'s 82 245 25 285 26 265 27 275 28 Q=55 0.3 04 05 0.6 0.7
w t
Q2= 3.85 GeV?, W = 2.62 GeV (low-epsilons Center Setting) N
Universi
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SIMC Empirical Model for Cross-sections

O Final SIMC L/T/LT/TT functional forms:

doy _ (pl) o(020). (P31t Values Values

dt Q> 20.93 41.42

ﬂ = (p4 + p5/Q2) , t| — - Qze(p6|t|)Fn2 p2 0.11 P10 -4.8

dt ) (It| + mz) p3 -2.55 P11 1.1e-7

Where, E;, = (1+p7-02+p8-0%) p4 -2861.81 P12 26.98
) . e p5 12153.41 p13 2696.06

o

d:T (gz +aP10/lt)) |p|p12> . sin(8") p6 -9.22 P14 -661.19

o (p13  pld p7 1.77 P15 0.14

— + . sin(0*)2 8 0.05
dt Qz ' |t[p15 P

U Did 13 iterations to get optimized parameters.
Physics Setting: Q?=3.85 GeV?, W=2.62 GeV

Unlver81ty
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L/T Separated Cross-sections

o, vst o vst
- i =
0.6f= N
r { 045 +
l]5—_ ‘ : ------- ﬁ--‘
o C “ I - -
= o4 . >  Od= *
é‘ - Y .5' o +\
= C = - .
8 ﬂ.a_— =] - ‘h
= . e 2 o35 ..
g oz ‘\" & - +~*
- p o3l R
1= + s - e
- k. = -
- h+-_"-§. L q.+
o= 5 orrTEE=s= * 0.25—
M B BN BT R R R PP PR T BN B N R
0.z 0.25 0.3 0.35 0.4 0.5 0.2 0.25 0.3 0.35 0.4 0.45
t (Gev?) t (Gev?)
o Vst o Vst
- 0.15f—
012} 0.9
L '- % -
— i ‘¢ A -~ h.osp—
- * = -
% n.1_ oy 3 -
: ‘ P E -
= u % 3 C +--""!-n.__
= . > _oosf- + +_~ +
bJ B “ + - C "'-b
- - = - -
B . - - - Y ‘hq‘h
0.06— R ---"‘+‘h E “-h
i 015 %
O0b=e o o b b e b e )y i ¥] " EPEPEETE BT ST PR PR B
[ifF3 0.25 0.3 0.35 0.4 045 0.2 0.25 0.3 0.35 0.4 045

t (GeV?) t(GeV?)
Physics Setting: Q?=3.85 GeV?, W=2.62 GeV
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Model Comparison & F, Extraction
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Model Dependence & Future Extraction of F;

O Our philosophy is to publish our experimentally measured %, so that updated values of F,,(Qz) can be extracted

as improved theoretical models become available.
O Jefferson Lab E, experiments have primarily used three models for form-factor extraction:
= VGL Regge Model — Vanderhaeghen, Guidal, Laget, PRC 57, 1454 (1998)
= VGL model has proven to give a reliable description of a;0ver a across a wide kinematic domain.

= However, VGL significantly underestimates o, indicating the need for improved models to fully describe the
separated cross-section data.

= CKY Regge Model — Choi, Kong, Yu, JKPS 67, L1089 (2015)
= This motivated the development of the CKY model, aimed at improving the description of o without degrading
the successful description of o; .
= PKT Model — Perry, Kizilersu, Thomas, PLB 807, 135581 (2020)
= A modern pion electroproduction model was developed to improve theoretical consistency and study model
dependence in the extracted F,(Q?).
» The PKT model provides an alternative framework for comparing how different reaction models affect the form-
factor extraction.

O More theoretical models are welcome, especially those capable of describing both o, and o consistently.

UIllVGI‘Slty
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VGL Model to extract F.. from oy

Q Feynman Propagator is given as; [t_inz
propagators.

U

It represents the exchange of a series of particles, compared to a single
particle.

Model parameters fixed from pion photoproduction.

Free parameters: A, A, (trajectory cutoff).

p exchange does not significantly influence g; at small —t.

o O 0O DO

Pionform factor is a free parameter in the model, parameterized as:
1

E =
T14Q%/4,

Fit o, to the model which gives E, at each QZ.

June 23, 2026 Muhammad Junaid, CAP Congress 2026
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Comparison with VGL Regge Model

VGL Regge Model

Phys Rev C 57(1998)1454

 The first model written for our data

* As the t-channel 1 exchange diagram is by itself not gauge invariant, the s-channel (for 1r*
production) or u-channel (for T~ production) nucleon exchange diagram was also Reggeized, to
ensure gauge invariance of their sum

- Two model parameters: o, sensitive to A2, much less sensitive to A\,

UIllVGI‘Slty
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Determine best fit A2 value

« Calculate VGL model for many A_? using precise (Q?, W)
values for each t-bin and compute x? deviation from data

15 | | |
N Q?=3.85 W=2.62 (iter13) 5 t—bins/
A?=0.402+0.038 (Quadratic)

A?*=0.406 (Minimum)
A*=0.404+0.037 (Centered)

» Results depend on how many t-bins are used in the fit, 14
#bins used shown here

v

13 —

o

Green line indicates increase in X2 by 1 unit, N
used to estimate in the uncertainty in A2 \% o

11_/ u ’/' —

Red fit is a symmetric parabola, the difference from —
the black line indicates whether the uncertainty is

asymmetric 10 l l
0.30 0.35 0.40 0.45 0.50

Ap2=0.600 for all calcs

University
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Comparison with VGL Model
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5
Nal?
-

Fr—2 q‘-‘—245 W =222

and {'I'I’*-m ‘:l"

a
kinematic domain [Vanderhaeghen, Guidal, Laget, PRC 57(1998)1454].
a
QO oy surprisingly large, an interesting rising trend from Q?=1.6-2.45-3.85.
U o, & o also much larger than Fpi-2.
Fr—2 Q== & W =2v22 Frr-
rescaled L: ﬂ"'F T/LT/TT: Q~*
1.0 0.6
. 0.8+ - ]
o 7
::I..‘r ] [ % 0.4 -
£ 06 1 -2
) o
32 l 3
% 0.4 - 2
A S0z
& o)
0.2 [ -
0.0 — i 0.0
A 2 - 4 - 1
-t (GeV?)

June 23, 2026

=

. -4
-t (GeV?)

do,./dt (ub/GeV<)
=

|
o
o
o

e
S

=
a

o

3

Jefferson Lab E, experiments use the Vanderhaeghen—Guidal-Laget (VGL) model as it has proven to give a reliable description of g, across a wide

o, : results a little low compared to the scaled expectation from Fpi-2. If this is confirmed in our final analysis, it could indicate F; is dropping more rapidly.

VGL model does not describe the t-dependence of o, very well
and dramatically underestimates T/L ratio.

do_/dt (ub/GeV?)

-

2 : A
-t (GeV?)

1 L

0.1

o
=]
i

|
o
1

|

kit

2 =] -4
-t (GeV?)

Model is evaluated at precise kinematics of data. Discontinuities indicate change in (Q?W) for each t-bin.

Muhammad Junaid, CAP Congress 2026
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Comparison with CKY Regge Model

CKY Regge Model

J Korea PhysSoc 67(2015)L1089

 The fact that VGL dramatically underestimates o; while doing a much better job on o, led to new
model development, with the goal of increasing o; without degrading o, description

» The Kaskulov-Mosel and Vrancx-Ryckebusch models include intermediate (DIS-like) processes on
the recoil nucleon, leading to the same final state. The CKY model is an extension of this work

 Third model parameter, Ay, for proton exchange in s-channel, is added to restore gauge invariance
and plays a role in o5

Unlver81ty
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Determine best fit 4, value

« Calculate CKY model for many A_ using precise (Q?, W)

15 I | I |
-bi 2 it )

values for each t-bin and compute x# deviation from data Q=385 W=262 (iter3) 5 t-bins PFKY

: : : 14 A _ . u
« Results depend on how many t-bins are used in the fit, inzg'gggi&?ﬁrﬁ;&)‘lratm)
#bins used shown here =1 A:=0.605:|:0.031 (Centered) I
T

Green line indicates increase in X2 by 1 unit, \wl% -

used to estimate in the uncertainty in A_

Red fit is a symmetric parabola, the difference from
the black line indicates whether the uncertainty is

. 9 I I I T
asymmetric 0.53 0.56 0.59 0.62 0.65 0.68
A_ (GeV)
N,=0.600, A\=1.550 for all calcs
University
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Comparison with CKY Model

» The VGL dramatically underestimates o while doing a much better job on o, led to new model development CKY, with the goal of increasing o without
degrading oy, description [T.K. Choi, K.J. Kong, B.G. Yu, J.Kor.Phy.Soc. 67(2015) L1089, arXiv: 1508.00969].

»> CKY model also does not describe t—-dependence of o, very well.

> Much better T/L ratio, as expected, but still low.

» o, somewhat higher than VGL, but still lower.

e — : —— o
CEY A 0 BO4 077 ES0 (ay

Fm-2 Q, 2—1 E W =2. 12 J —'Izw ﬁLz 45 W =227 Plots from Prof. Garth Huber

rescaled L: QF, =™ T_fLT;"'I'IéI Q™ and (Wi-m 1)?

1.ﬂ 1 ﬂ'l ‘ | | .
£ STt [ll e
o [ 2 0.4+ I 2 004 -
th 2 el
< 06- { -2 : f ~ i l P
=) O i [ o
3 ] 3 \ I 2 ] ]
= 0.4- B : 5 |
~, | ™. 0.2 : B ¥ ""t: =0.14 B
5 5 - E
E'.-E m = . i ¥ =]
|
AN i
ﬂﬂ nu 1 I _l] ..D-E ] (] —UE T 1 T
A 2 A‘. A 2 3 4 2 ! : A ] 4 )
=1 {Ge\?z} -t (GeV?) -t (GeV?) -t (GeV?)
Model is evaluated at precise kinematics of data. Discontinuities indicate change in (Q?W) for each t-bin. UanGI‘Slty
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       d 2 𝜎  d t d 𝜙  E X P =  (     Y  E X P   Y  S I M C )      d 2 𝜎  d t d 𝜙  S I M C


  2 𝜋   d 𝜎  d t d 𝜑 = 𝜀   d  𝜎 L  d t +   d  𝜎 T  d t +   2 𝜀  (  𝜀 + 1 )   d  𝜎  L T  d t   cos ⁡ 𝜑 + 𝜀   d  𝜎  T T  d t   cos ⁡ 2 𝜑


  𝜖


  𝜙


  𝜙


  𝜙


  𝜙


  𝐩  (  𝐞 ,  𝒆 ′  𝝅 + ) 𝐧


  ≈


  ≈


  ≈


  𝒎 𝒖 𝒖 𝒅   ~   𝟖   𝑴 𝒆 𝑽 / 𝒄 𝟐


  𝒎 𝒑   ~   𝟗 𝟑 𝟖   𝑴 𝒆 𝑽 / 𝒄 𝟐


  𝝅 +


  𝑭  (   𝑸 𝟐 )


  𝑭  (   𝑸 𝟐 )  


  𝝆  ( 𝒓 ) )


  𝑭  (   𝑸 𝟐 ) = ∫  𝝆  ( 𝒓 )  ⅇ  𝒊 𝑸 ⋅ 𝒓  𝒅 𝟑 𝒓


   𝑸 𝟐


   ⟨   r 2 ⟩


   ⟨   𝒓 𝟐 ⟩ = − 𝟔       𝒅 𝑭  (   𝑸 𝟐 )    𝒅 𝑸 𝟐 |   𝑸 𝟐 = 𝟎


   𝑸 𝟐 ,


   𝑸 𝟐  𝑭 𝝅  (   𝑸 𝟐 ) → 𝟏 𝟔 𝝅  𝜶 𝒔  (   𝑸 𝟐 )  𝒇 𝝅 𝟐                                             (  𝑸 𝟐 → ∞ )


   𝑸 𝟐  


  𝜑


    d 𝜎  d 𝛺 →  |  F  (   q 2 ) | ↔ F  (   q 2 ) ← 𝜌  (   r → ) ← 𝜓  (   r → ) ←


   𝜑 𝜋  soft


  k <  k 0


   𝜑 𝜋  hard


   𝜑 𝜋  hard  


   𝜑 𝜋  soft


   Q 2


  𝑭 𝝅


  Q 2


  Q 2   → ∞


  𝑭 𝝅


  Q 2


  Q 2   ≈ 1   −   10   GeV 2


  x   ≈   0 . 0001


  x   ≈   0 . 3


   𝑭 𝝅


   𝑭 𝝅


   𝑭 𝝅  (   𝑸 𝟐 )


  r 𝜋 = 0 . 66


  r 𝜋 = 0 . 73


   𝑭 𝝅  (   𝑸 𝟐 )


  𝜙 𝜋 ( x ) = 6 x ( 1 − x )


  e +  𝜋 + →  e ′ +  𝜋  + ′


  𝝅 ±


  ~ 2 . 6   x   10 − 8 s


   Q 2 ~ 1 G e V 2


   Q 2 > 0 . 3 Ge  V 2


   𝑭 𝝅


  𝒑  (  𝒆 ,  𝒆 ′  𝝅 + ) 𝒏


   𝝈 𝑳


   𝑭 𝝅 𝟐 (  𝑸 𝟐 , 𝒕 )


    𝒅  𝝈 𝑳  𝒅 𝒕 ∝   − 𝒕  𝑸 𝟐   (  𝒕 −  𝒎 𝝅 𝟐 )  𝒈  𝝅 𝑵 𝑵 𝟐 ( 𝒕 )  𝑭 𝝅 𝟐 (  𝑸 𝟐 , 𝒕 )


   𝑭 𝝅 𝟐 (  𝑸 𝟐 , 𝒕 )


  𝒈


  W


   𝑸 𝟐 .


   𝑸 𝟐


   𝑭 𝝅


   𝑸 𝟐 = 𝟖 . 𝟓   𝑮 𝒆  𝑽 𝟐  


  𝟏 /  𝑸 𝒏


  ⅇ


   𝜋 +


   t  𝒄 𝒐 𝒊 𝒏 =  t  𝑯 𝑴 𝑺 −  t  𝑺 𝑯 𝑴 𝑺


  𝑷 𝒓 𝒐 𝒕 𝒐 𝒏 𝒔


  𝑷 𝒊 𝒐 𝒏 𝒔


  𝑲 𝒂 𝒐 𝒏 𝒔


   𝝐  𝒕 𝒓 𝒂 𝒄 𝒌 =    N  𝒅 𝒊 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌   N  𝒔 𝒉 𝒐 𝒖 𝒍 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌


   N  𝒔 𝒉 𝒐 𝒖 𝒍 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌


   N  𝒅 𝒊 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌


   N  𝒔 𝒉 𝒐 𝒖 𝒍 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌


    𝛿 𝝐  𝒕 𝒓 𝒂 𝒄 𝒌 =       ( N  𝒔 𝒉 𝒐 𝒖 𝒍 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌   ×  N  𝒅 𝒊 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌 ) −   ( N  𝒅 𝒊 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌   ×  N  𝒅 𝒊 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌 )     (   N  𝒔 𝒉 𝒐 𝒖 𝒍 𝒅 ,   𝒕 𝒓 𝒂 𝒄 𝒌 ) 3


  − 8 . 0 %   ≥ 𝛿 ≥ 8 . 0 %


  − 10 . 0 %   ≥ 𝛿 ≥ 20 . 0 %


  − 0 . 08 ≥  x  t a r ′ ≥ + 0 . 08


  − 0 . 08 ≥  x  t a r ′ ≥ + 0 . 08


  − 0 . 045 ≥  y  t a r ′ ≥ + 0 . 045


  − 0 . 04 ≥  y  t a r ′ ≥ + 0 . 04


  𝜹


   𝒙  𝒕 𝒂 𝒓 ′


   𝒚  𝒕 𝒂 𝒓 ′


   E M ,      P M → ,   𝑾


   E M


     P M →


  𝑾


   E M ,      P M → ,   𝑾


  𝑾 = (  𝑷 𝜸 −  𝑷 𝑷 )


   𝒀  𝑬 𝑿 𝑷 =  𝑵   𝑸  𝐞 𝐟 𝐟


   𝑸  𝐞 𝐟 𝐟 = 𝑪 𝒉 𝒂 𝒓 𝒈 𝒆   × 𝑻 𝒓 𝒂 𝒄 𝒌 𝒊 𝒏 𝒈   𝑬 𝒇 𝒇   × 𝑫 𝒆 𝒕 𝒆 𝒄 𝒕 𝒐 𝒓   𝑬 𝒇 𝒇 × 𝑬 𝑫 𝑻 𝑴   𝑳 𝒊 𝒗 𝒆   𝑻 𝒊 𝒎 𝒆 × 𝑩 𝒐 𝒊 𝒍 𝒊 𝒏 𝒈   𝑪 𝒐 𝒓 𝒓 × 𝒐 𝒕 𝒉 𝒆 𝒓   𝒏 𝒐 𝒓 𝒎 𝒂 𝒍 𝒊 𝒛 𝒂 𝒕 𝒊 𝒐 𝒏   𝒇 𝒂 𝒄 𝒕 𝒐 𝒓 𝒔 …


  𝑹  (  𝒕 , 𝜑 ) =    𝒀  𝐄 𝐗 𝐏   𝒀  𝐒 𝐈 𝐌 𝐂


  𝜖


  𝑹  (  𝒕 , 𝜑 ) =    𝒀  𝐄 𝐗 𝐏   𝒀  𝐒 𝐈 𝐌 𝐂


    𝒅  𝝈 𝑻  𝒅 𝒕 =  (    𝐩 𝟏   𝑸 𝟐 )     ⋅ ⅇ  ( 𝐩 𝟐    𝑸 𝟐 ) ⋅ ⅇ  ( 𝐩 𝟑    | 𝒕 | )


    𝒅  𝝈 𝑳  𝒅 𝒕 = ( 𝐩 𝟒 + 𝐩 𝟓 /  𝐐 𝟐 ) ⋅    | 𝒕 |     (   | 𝒕 | +  𝒎 𝝅 𝟐 ) 𝟐 ⋅  𝑸 𝟐  ⅇ  ( 𝐩 𝟔  | 𝒕 | )  F 𝜋 2


   F 𝜋 =  𝟏  ( 𝟏 +   𝐩 𝟕 ⋅ 𝑸 𝟐 + 𝐩 𝟖   ⋅ 𝑸 𝟒 )


    𝒅  𝝈  𝑳 𝑻  𝒅 𝒕 =  (    𝐩 𝟗   𝑸 𝟐   + ⅇ  ( 𝐩 𝟏 𝟎 /  | 𝒕 | ) ⋅   𝐩 𝟏 𝟏     | 𝒕 |  𝐩 𝟏 𝟐 ) ⋅   𝐬 𝐢 𝐧 ⁡  (  𝜽 ∗ )


    𝒅  𝝈  𝑻 𝑻  𝒅 𝒕 =  (    𝐩 𝟏 𝟑   𝑸 𝟐 +   𝐩 𝟏 𝟒     | 𝒕 |  𝐩 𝟏 𝟓 ) ⋅   𝐬 𝐢 𝐧 ⁡     (   𝜽 ∗ ) 𝟐


   F 𝜋


   F 𝜋


    𝐝  𝛔 𝐋  𝐝 𝐭


   𝑭 𝝅  (   𝑸 𝟐 )  


   F 𝜋


   𝝈 𝑳


   𝜎 T


   𝜎 T


   𝜎 L


   𝑭 𝝅  (   𝑸 𝟐 ) .


   𝜎 L


   𝜎 T


   𝑭 𝝅


   𝛔 𝐋


   [   1  t −  m 𝜋 2 ]


  𝜋


  𝜌


   𝛬 𝜋


   𝛬 𝜌


  𝜌


   𝜎 L


  − t .
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   𝜎 L


   F 𝜋  
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   𝛬 𝜋 2


   F 𝜋


   𝜎 L


   F 𝜋
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   σ T


   σ L


   σ T


   σ L

